This article was downloaded by:[Birkbeck College]
[Birkbeck College]
On: 8 June 2007
Access Details: [subscription number 777121126]
Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954
Registered office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Connection Science

Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713411269

Development of Children's Seriation: A Connectionist
Approach
Denis Mareschal; Thomas R. Shultz
To cite this Article: Mareschal, Denis and Shultz, Thomas R. , 'Development of
Children's Seriation: A Connectionist Approach', Connection Science, 11:2, 149 186
To link to this article: DOI: 10.1080/095400999116322
URL: http://dx.doi.org/10.1080/095400999116322

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.informaworld.com/terms-and-conditions-of-access.pdf
This article maybe used for research, teaching and private study purposes. Any substantial or systematic reproduction,
re-distribution, re-selling, loan or sub-licensing, systematic supply or distribution in any form to anyone is expressly
forbidden.
The publisher does not give any warranty express or implied or make any representation that the contents will be
complete or accurate or up to date. The accuracy of any instructions, formulae and drug doses should be
independently verified with primary sources. The publisher shall not be liable for any loss, actions, claims, proceedings,
demand or costs or damages whatsoever or howsoever caused arising directly or indirectly in connection with or
arising out of the use of this material.
© Taylor and Francis 2007

Connection Science, Vol. 11, N o. 2, 1999, 149±186

Downloaded By: [Birkbeck College] At: 15:34 8 June 2007

D evelopm ent of Children’s Seriation:
A Connectionist Approach

D EN IS M AR E SC HAL & T HO MAS R. SHULT Z

This paper presents a modular connection ist network model of the development of seriation
(sor ting) in children. The model uses the cascade-cor relation generative connectionist
algor ithm. These cascade-correlation networks do better than existing rule-based models
at developing through soft stage transitions, sorting more correctly with larger stimulus size
increments and showing variation in seriation performance within stages. However, the
full generative power of cascade-cor relation was not found to be a necessary component
for successfully modelling the development of seriation abilities. Analysis of network weights
indicates that improvements in seriation are due to continuous small changes instead of
the radical restr uctur ing suggested by Piaget. The model suggests that seriation skills are
present early in development and increase in precision during later development. The
required lear ning environment has a bias towards smaller and nearly ordered arrays. The
variability characteristic of children’s performance arises from sortin g subsets of the total
array. The model predicts better sortin g moves with more array disorder, and a dissociation
between which element should be moved and where it should be moved.
KEYW ORDS :

Cognitive developm ent, cascade correlation, seriation, sorting.

1. Introduction
Seriation (or sorting) was one of the key tasks used by Piaget (1965; Piaget &
Inhelder, 1973) to investigate the developm ent of children’s thinking. It is generally
considered to result from serial, sym bolic processing in which the child acquires a
set of procedures and then learns how and when to apply them in order to produce
an ordered series. A number of serial, sym bolic com putational m odels of children’s
perform ance on seriation tasks have been constructed to describe the underlying
inform ation processing (e.g. Baylor et al., 1973; Frey, 1964; Retschitzki, 1978;
Young, 1976). In this paper, we present a connectionist m odel of the development
of seriation abilities in children that breaks radically from the assum ptions of
previous m odels.
T he relevance of connectionist m odelling m ethods to the study of cognitive
developm ent has been established both theoretically (e.g. Bates & Elm an, 1993;
Elm an et al., 1996; M areschal & Shultz, 1996; M cClelland, 1995; Papert, 1963;
Plunkett & Sinha, 1992; Shultz, 1991; Shultz et al., 1995) and empirically in the
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form of explicit m odels (e.g. Mareschal & F rench, 1997; M areschal et al., 1995;
M cC lelland, 1989; Papert, 1963; Q uinn & Johnson, 1997; Schyns, 1991; Shultz
et al., 1994b). The m odels described in this paper are a ®rst attempt to apply
connectionist techniques to the developm ent of seriation. As such, one of the
principal goals of the project is to demonstrate that connectionist modelling
m ethods can be successfully used in this dom ain.
We propose a parallel approach to seriation. D espite the fact that seriation
perform ance arises from a series of m oves, each m ove can involve parallel consideration of which stick to move and where to m ove it. We m odel developm ent of
seriation w ith the cascade-correlation connectionist learning algorithm in which
network topology is constructed as part of the learning process (Fahlm an &
Lebiere, 1990; Shultz et al., 1995). In contrast to static networks with ®xed
architectures, generative networks can increase their representational and computational power during learning, thus implementing a form of constructivist developm ent (M areschal & Shultz, 1996; Quartz, 1993).
T he m odel relies on a form of supervised learning analogous to im itation
learning rather than reinforcem ent learning. Im itation is one of the principal ways
that children within a society learn (Bandura, 1986; D onaldson, 1986; Rogoþ,
1990; V ygotsky, 1978) and has been shown to be an eþective m eans of teaching
seriation skills to very young children (Bergan & Jeska, 1980). T he networks receive
inform ation about which element to m ove and where it should be m oved to, on a
small subset of unrelated, randomly selected sorting m oves. This inform ation is
consistent with w hat would be obtained by watching som eone m ake an approp riate
m ove on separate occasions. This target inform ation on what m ove to make induces
the networks to develop an internal representation of the sorting problem that
allow s it to solve com plete and sequenced sorting problem s. The justi®cation for this
training procedure is twofold. First, it assum es fairly m inim al relevant experience. It
suggests that children can learn about sorting without ever having to witness a
com plete sorting sequence. T hey can learn by attending to and encoding unrelated
partial sorting events, perhaps when obser ving an adult or older child m aking a
sorting m ove. Second, this learning scheme is consistent with V ygotsky’s cognitive
scaþolding hypo thesis ( Vygotsky, 1978). According to Vygotsky, children develop
within a social context. Cognitive development consists of internalizing problem solving solutions per vasive in the social environm ent. Interactions w ith adults and
older siblings provide a schem atic fram ework (cognitive scaþolding) on which the
child can build in developing general cognitive strategies.
T he m odelling of seriation with cascade-correlation is an extension of a larger
project that attempts to m odel cognitive developm ent across a wide range of
dom ains using a single general-purpose learning m echanism (Shultz et al., 1995).
O ther successful cascade-correlation m odels include the balance scale task (Shultz
et al., 1994b; Shultz & Schmidt, 1991), the developing integration of velocity, time
and distance inform ation (Buckingham & Shultz, 1994), conservation (Shultz,
1998) and the identi®cation of shifting pronoun reference (Shultz et al., 1994a).
T he speci®c network con®guration required for realistic learning in each dom ain
depends on the precise nature of the task. In our m odels, the network architecture
is constructed by the cascade-correlation algorithm . Static connectionist networks
can be eþective and powerful tools for modelling development in particular
dom ains. T heir ability to develop representations through learning is well established (e.g. Elm an et al., 1996; M cClelland, 1995; Plunkett & Sinha, 1992).
H owever, static networks must be hand-designed for each task dom ain, which is
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not the case when m odelling developm ent w ith cascade-correlation. M oreover, the
set of representations that static networks can possibly learn (i.e. the network’s
com putational power) is ®xed from the onset by the network architecture (Baum ,
1989; Cybenko, 1989; M areschal & Shultz, 1996; Quartz, 1993).
T he need to pass through periods of m ore lim ited representational power (as
opposed to having im m ediate access to full representational power) m ay be critical
when modelling children’s cognitive developm ent. For exam ple, in balance scale
sim ulations, cascade-correlation did better than backpropagation at reaching and
staying in the ®nal, fourth stage (M cClelland, 1989; Shultz et al., 1994b). Static
backpropagation networks only stay in stage 4 if they m iss stages 1 and 2 (Schmidt
& Shultz, 1991). Another developmental dom ain in which cascade-correlation
networks proved superior to backpropagation networks is integrating velocity, time
and distance information (Buckingham & Shultz, 1994). A w ide variety of static
backpropagation networks were incapable of generating the stages observed in
children and modelled with cascade-correlation (Buckingham & Shultz, 1996).
Backpropagation networks designed with too little power were unable to reach the
®nal m ultiplicative stages, and those designed with too m uch power were unable
to capture the intermediate additive stages. Thus, it seem s that the ability to grow
in com putational power m ay be necessar y for sim ulating som e developm ental
phenom ena. Sim ilarly, early lim itations in network working m emory capacity have
been found to im prove overall learning (Elm an, 1993). However, growth in power
m ay not be necessary in all developm ental dom ains. Cascade-correlation provides
a way to assess the need for prog ressive increases in com putational power.
To anticipate our results, it was found that the generative power of cascadecorrelation was not necessar y for the successful m odelling of the developm ent of
seriation abilities, suggesting that static networks could do just as well in this
dom ain. Although m ost cascade-correlation networks did recruit new units, som e
were able to acquire m ature seriation abilities w ithout the need for added hidden
units. In these cases qualitative changes in behaviour arise from sm all continuous
changes in the underlying m echanism s of inform ation processing (M cC lelland,
1995; van Geert, 1991; van der M aas & M olenaar, 1992). These results suggest
that there m ay be som ewhat diþerent developm ental paths underlying the sam e
behavioural developm ent. Som e children m ay acquire new structures whereas
others m ay develop without the addition of new structures.
2. Psychology of Seriation
Piagetian theor y is perhaps the quintessential stage theory of cognitive developm ent,
and Piaget’s account of seriation developm ent is no exception. According to Piaget,
stages are periods of consistent behaviour re¯ecting qualitatively diþerent m odes
of inform ation processing (see Flavell (1963) for an excellent review of Piagetian
theory). Transitions between stages are supposed to be abrupt, occur sim ultaneously across diþerent dom ains and occur in a ®xed and ordered progression. An
assessm ent of the stage concept against children’s behaviour (Flavell, 1971) and
neural network sim ulations (Shultz, 1991) suggests that although there is evidence
for notions of qualitative change and ordinal prog ression, there is little evidence
for abruptness or dom ain general transitions.
Piaget initiated the study of the developm ent of seriation by presenting children
with a disordered collection of sticks of diþerent lengths and asking them to arrange
the sticks in an ordered series (Inhelder & Piaget, 1969; Piaget, 1965). T he results
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Figure 1. Examples of term inal series at various stages.

revealed four diþerent seriation stages, illustrated in F igure 1. Children in the ®rst
stage (circa 4 years old) m ake no real eþort at ordering the sticks and either line
them up in the order they appear or m ove them about random ly. C hildren in the
second stage (circa 5 years old) are unable to construct an overall series. H owever,
these children succeed in com bining the sticks in term s of local absolute qualities
such as big or sm all. T his leads to series of uncoordinated pairs ( pairs of large and
small elem ents), uncoordinated triplets (one large, one m edium sized, and one
small element), seriation based on the correct alignm ent of only the tops of the
sticks, roof-top seriation (in which the tops rise and then descend or vice versa)
and correct seriation of the ®rst few elements followed by an inability to continue.
In a third stage (circa 6 years old), the child succeeds in constructing a series, but
only by trial and error. Finally, there is a fourth stage of `operational’ seriation
(circa 7 years old) in which the child proceeds system atically in constructing the
series by always selecting the shortest (or longest) availab le stick from among those
not yet sorted and placing it in its appropriate place in the series.
Subsequent psycho logical research has largely supported Piaget’s four seriation
stages, but has added a num ber of quali®cations and new ®ndings. First, it is clear
that even very young children (e.g. 2 to 4-year-o lds) are able to sort sm all (e.g.
two, three, or four) num bers of objects (Bullock & G elman, 1977; Kingm a, 1984;
Kingm a & Roelinga, 1983; K oslowski, 1980; Siegel, 1972). T his suggests that
these young children have the ability to seriate but do not apply this ability to
entire, larger series until later in development. Second, seriation is aided by
increasing the size diþerences between the items (Elkind, 1964; Kingm a, 1984;
Kingm a & Roelinga, 1983). T his underscores perceptual characteristics of seriation
that m ay not be easily captured by sym bolic operations. Third, there is considerable
variation in sorting strategies at all four stages and even within individual children
(G illieÂ ron, 1976, 1977; K ingma, 1982, 1983a; Lautrey et al., 1986; M oore,
1979; Pierre-PuyseÂ gure et al., 1988; Retschitzki, 1978; Young, 1976). Finally, the
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transitions between seriation stages are gradual, rather than sudden and decisive
(Kingm a, 1983b).
T hus, to be faithfu l to the psychological literature, seriation models need to
capture the following six phenom ena: periods of constant stage-like behaviour;
correct ordering of the four seriation stages; transition between successive stages;
better perform ance with increasing size diþerences; variation in em ergent strategies;
and gradual as opposed to sudden stage transitions.
M ost existing sym bolic com putational m odels of seriation have only m anaged
to capture the ®rst phenom enon, periods of constant stage-like behaviour (Baylor
et al., 1973; Frey, 1964; N guyen-Xuan, 1976; Retschitzki, 1978; Young, 1976).
Typically, these sym bolic m odels em ploy if±then rules, which have conditions and
actions referring to particular objects and events in the world. For exam ple, a rule
im plem enting the system atic, operational sorting of stage 4 m ight specify that,
faced with an unordered array of sticks and the goal of sorting them from sm all to
large, one should m ove the sm allest out-of-order stick to its correct position (the
left-most position that contains an out-of-o rder stick). O ne rule-base d model did
learn to sort by m odifying its ow n rules, but was not evaluated for psychological
realism (Anzai, 1987). T he contribution of the cascade-correlation m odels
described in this article is that they m anage to capture all six of the psychological
phenom ena listed here.

3. The Cascade-correlation Algorithm
O ur sim ulations use cascade-correlation, a generative feedforward neural network
algorithm developed by Fahlm an and Lebiere (1990). Cascade-correlation learns
to approximate a response function (de®ned by a set of input and output patterns)
by recruiting new hidden units into the network and by m odifying the connection
weights in the network. In the interset of brevity we describe only the bare essentials
of cascade-correlation. M ore detailed presentations and derivations of the algorithm
can be found elsewhere (e.g. Fahlm an, 1988; Fahlm an & Lebiere, 1990; Hoehfeld
& Fahlm an, 1992; M areschal, 1992; Shultz et al., 1994b).

3.1. N etwork Constr uction
Cascade-correlation begins with the m inimal network topology of a single input
layer fully connected to a single output layer (Figure 2(a)). T he input layer includes
a compulsor y bias unit with an activation clam ped at 1.0. A weight-adjusting
algorithm then m odi®es the connection weights between units such that when a
pattern is im posed across the input units the corresponding pattern produced on
the output units will m ore closely m atch that speci®ed by the environm ent. This
is achieved by m inim izing an error function E:
E5

R R (A
o

op

2 T op ) 2

(1)

p

where o indexes the output units, p indexes the input±output pattern pairs, A is
the actual activation of an output unit and T is the target activation for that output
unit. The network is eþectively learning to approxim ate a function de®ned by the
set of input /output pairs.
Learning occurs in batch m ode; that is, the weights are updated after a single
blocked presentation of the com plete set of training instances. An epoch consists
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Figure 2. Learning in cascade-correlation. D ashed lines represent m odi®able connections whereas solid lines represent frozen connections. (a) Initial output training
phase; ( b) input (candidate) training phase; (c) subsequent output training phase;
(d) output training phase with two hidden units installed.

of one such com plete presentation. Although batch learning is som etimes regarded
as psychologically suspect, there is considerable psychological (O den, 1987) and
physiological (Dudai, 1989; Squire, 1987) evidence for it. M oreover, it is worth
noting that even in batch learning outputs are com pared to their targets independently of other patterns. T hus, the system never has to process m ore than one
pattern at a time. It m ust, however, keep a running sum of the error that is
eventually used to adjust the weights.
C ascade-correlation changes from adjusting the output weights to recruiting a
hidden unit in either of the following two cases: (1) the learning algorithm ceases
to im prove the ®t between the outputs produced and the desired target outputs by
m ore than a critical am ount for at least a sm all speci®ed num ber of epochs; or (2)
the learning exceeds a speci®ed num ber of epochs without having reached victory.
Victory is declared when activations on all output units are within a threshold (0.4
in our simulations) of their target values on all training patterns.
To build the new hidden unit, a num ber of candidate units are initially
connected with random modi®able weights to all units in the network other than
the output units (Figure 2( b)). T he weights to the candidate units are then m odi®ed
to m axim ize the absolute value of a scaled covariance (across the training set) of
the activation of the candidate unit and the residual error of the outputs. The
covariance function takes the form:
C(W, I ) 5

R ½R
o

p

(h p 2 á h ñ ) (e op 2 á e o ñ ) ½

R

op

(e op 2 á e o ñ ) 2

(2)

where the index p runs across patterns, the index o runs across output units, e is
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the error, h is the activation of a candidate unit and angled brackets signify the
m ean value across all training exam ples.
Again, when either these covariances are no longer signi®cantly im proving or
the training process has exceeded a prespeci®ed num ber of epochs, the recruitment
phase is term inated. T he candidate unit with the highest absolute covariance has
its input weights frozen and is connected to all the output units. T he rem aining
candidate units are discarded (Figure 2(c, d)).

3.2. Weight Adjustm ent
Cascade-correlation uses the quickprop learning algorithm to m odify the weights
(Fahlm an, 1988; Fahlm an & Lebiere, 1990; Hoehfeld & Fahlm an, 1992). T he
weight update rules are:

{

w 3 2 w 2 5 efÂ (w 2 ) if w 2 2 w 1 5 0
w 3 2 w2 5

|

|

fÂ (w 2 )
fÂ (w 2 )
(w 2 2 w 1 ) if w 2 2 w 1 ¹ 0 and
<l
fÂ (w 1 ) 2 fÂ (w 2 )
fÂ (w 1 ) 2 fÂ (w 2 )

w 3 2 w 2 5 l (w 2 2 w 1 ) otherwise
(3)

where the indices 1, 2 and 3 refer to three consecutive time steps, e controls the
am ount of gradient descent, l controls the m axim um step size and fÂ is the
derivative of error with respect to weights.

3.3. The Psycholog y of Cascade-cor relation
Although the cascade-correlation learning algorithm re¯ects som e of what is know n
about neural functioning, it is not intended as a neural-level description of learning
and developm ent. Rather, it is an inform ation processing m odel of perform ance
that leaves open the question of its exact neural im plem entation. N ote, however,
that both synaptogenesis and degeneration are an integral part of brain developm ent
(Changeux & D ehaene, 1989; D awson & Fischer, 1994). Synaptogenesis and
dendritic growth are far m ore prevalent in the brain than com monly believed and
have been proposed as neural bases for constructivist developm ent (Q uartz &
Sejnowski, 1997). In this section, we focus on m aking explicit the nature of the
inform ation processing in cascade-correlation and its im plications for cognitive
developm ent.
As w ith other connectionist m odels, learning in these networks is driven by
the identi®cation of asso ciations in the environm ent. Internal representations of
environm ental features emerge gradually. The representations are explicitly
encoded in the form of a pattern of activation across the hidden units and im plicitly
encoded in the associative weights linking the units together. Knowledge of the
world is gradually stored in the connection weights (M cClelland, 1995; Plunkett
& Sinha, 1993). Beyond the ability to develop representations, cascade-correlation
provides an alternative tool for addressing developm ental questions. Its ability to
recruit hidden units and thus increase its representational power (Baum , 1989;
Cybenko, 1989; M areschal & Shultz, 1996; Quartz, 1993) gives it the power to
tackle a wider range of problems than static networks are able to.
T here is an ongoing debate in cognitive developm ent concerning the nature of
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the transitions that underlie developm ent (Keil, 1990). O n the one hand, people
sym pathetic to Piaget’s work have suggested that developm ent coincides with
dram atic transitions in the com putational power of the child’s cognitive apparatus
(e.g. Case, 1985). T hey see the child as developing through successive stages of
qualitatively diþerent m odes of processing where each successive m ode is m ore
powerful than the other. O bserved discontinuities in behaviour (stages of perform ance) are interpreted as arising from qualitatively diþerent m odes of processing.
O n the other hand, others have argued that there is no qualitative change in the
m ind’s com putational power during developm ent; the child sim ply acquires m ore
knowledge. D evelopm ent also involves restructuring, but from continuous, sm all,
quantitative changes in the child’s knowledge (e.g. Chi, 1978). D iscontinuities in
behaviour are thought to arise naturally from dynam ic processes involving only
m icroscopic developm ental changes (van G eert, 1991; van der M aas & M olenaar,
1992).
C ascade-correlation provides a way of m odelling both types of transitions in
developm ent. As with static networks, stage transitions can occur through weight
changes (M cClelland, 1989; Schm idt & Shultz, 1991). Stage transitions can also
occur w ith the introduction of new hidden units (Shultz, 1991; Shultz & Schm idt,
1991). It is im portant to distinguish qualitative changes in behaviour from qualitative changes in processing. Q ualitative changes in behaviour m ay or m ay not re¯ect
a qualitative change in processing. M oreover, a qualitative increase in computational
power does not necessarily im ply a qualitative change in behaviour. It is possible
to increase computational power without chang ing external behaviour. Indeed, the
system m ay be perform ing correctly but ineýciently. As a result, processing m ay
undergo restructuring to im prove computational eý ciency while leaving external
behaviour unchanged.
In cascade-correlation, learning that results in only the m odi®cation of weights
corresponds to a quantitative change in knowledge. T he network is accum ulating
m ore inform ation about the world and integrating that inform ation with w hat it
already knows. L earning that requires the recruitment of a hidden unit corresponds
to a qualitative change in processing. T he resulting network is com putationally
m ore powerful and can learn more sophisticated relationships than previously. For
exam ple, adding the ®rst hidden unit results in a change from a perceptron, a
network incapable of computing X OR, to a m ultilayer network, which can com pute
XO R. However, this does not im ply that behaviour w ill necessarily change (especially if the network is already perform ing at a reasonable level).
C ascade-correlation provides a m eans of im plem enting a constructivist learning
m echanism (Mareschal & Shultz, 1996; Q uartz, 1993). Subsequent stages of
perform ance bene®t from an increase in the representational power of the network.
M oreover, we can m ake explicit statements about the type of restructuring that
occurs and the pressures that precipitate the restructuring. Q ualitative changes in
processing (hidden unit recruitment) occur in one of two cases (see Section 3.1).
T he ®rst is when the network is no longer im proving its perform ance. This
corresponds to a situation in which the task requirements are too com plex for the
child’s current com putational prowess. T he second is w hen output learning has
gone on for too long. This corresponds to a situation in w hich the child’s
perform ance is ineý cient. In this case, resources are added to provide a m eans of
re-representing the already acquired dom ain knowledge and thus accelerate learning
and increase eý ciency (cf. Karm iloþ-Sm ith’s (1992) representational redescription
hypo thesis).
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M oreover, installing hidden units in a cascade, where all subsequent units
receive input from every previous unit in the network, ensures that there is a
hierarchical integration of know ledge throughout developm ent (Boden, 1982).
N ew knowledge structures build on and incorporate old knowledge structures.
Although cascade-correlation provides a m eans of increasing representational
power through learning, it is still possible for learning and developm ent to occur
without the need to recruit hidden units. As will be seen, this is the case for
networks learning to solve seriation problems.
4. Simulation D esign
T he m odels presented here focus on the seriation of six-element series in order to
keep the number of possible arrangements of the elements w ithin reasonable
bounds. Six is fewer than the 10 used by Piaget (Inhelder & Piaget, 1969) but
m ore than the four used in abbreviated tasks (Koslow ski, 1980; Siegel, 1972). It is
a suý ciently sm all num ber to be accessible to young children, but still large enough
to rem ain taxing for older children, and has been used in recent seriation studies
(Kingm a, 1982, 1983a, 1984; Timm ons & Sm othergill, 1975).
4.1. Architectural D esign
T he m odel is to be conceived of as a specialized system dedicated to processing
serial order information. The system receives inform ation about the present state
of the series, processes this inform ation and outputs a move. A m ove is de®ned as
the identi®cation of a stick and of a position to which that stick should be moved.
M oves are not executed by the network, but by auxiliar y software. As in the
production system models of seriation (Baylor et al., 1973; Young, 1976), seriation
is com posed of the serial juxtaposition of these independent m oves.
To im plem ent parallel processing, the seriation system is m ade up of two distinct
m odules, each processing the sam e input array but responding independently of
the other (Figure 3). O ne module computes which stick should be moved. A second

Figure 3. Schem atic representation of the com posite seriation network. T he which
m odule processes inform ation independently from the where m odule. Here, the
which network has two hidden units and the where network has one hidden unit.
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m odule com putes where a stick needs to be m oved in order to extend the current
series. Each component is com puted independently of the other and gives partial
inform ation about the proper m ove to m ake. Because the two m odules are trained
independently, behavioural development of the whole can be attributed to the
developing interaction of the two m odules. Pilot sim ulations with non-m odular
networks failed both to learn seriation and to capture psychological regularities
(M areschal, 1992). T he success of the m odular approach is due to better functional
decom position (i.e. the elem entary com ponents of a com plex function tend to be
easier to learn than the com plex function itself ) and to increased generalizability
of the function im plemented by the networks (Dodd, 1992).
T his m odularization of the task was based on inform ation processing considerations. Com ponents com puted in parallel by separate m odules m ust be: independently com putable; and necessar y for com pletion of a sort. In the same way that
form and positional object inform ation are known to be processed separately in
the visual cortex (Ungerleider & M ishkin, 1982), it is plausible to assum e that
where order breaks dow n in a series ( based on the external form of the array) is
com puted separately from which elem ent should be m oved ( based on the position
of the element in the array). Adm ittedly there is not yet any direct evidence for a
separation of which and where inform ation in processing of seriation. Thus, the
m odularization of the seriation task constitutes a strong prediction of the m odel.
Present support for m odularization com es both from the model’s success at
capturing the six key seriation phenom ena and from a new study on children’s
seriation errors (Mareschal & Shultz, subm itted). Although m odularization was
hardwired in these m odels, such processing separations can arise as a natural part
of learning in a system in which subnetworks com pete during learning ( Jacobs
et al., 1991).
T he which and where m odules are separate cascade-correlation networks that
can develop at diþerent rates. D uring the recruitment phase, the model’s output
does not change w hile candidate hidden units are being trained. This is not meant
to im ply that the network has entered som e sort of hibernation phase in which no
responses are m ade. Indeed, even the input training m echanism requires that
activation be fed through to the outputs in order for the candidate unit activations
to be correlated with residual error at the outputs. However, during the input
training phase, output activations for a particular input pattern never change
because the weights to the output units are frozen. T hese weights are frozen
because the algorithm judges that no further im provem ent could be achieved
through the m odi®cation of the output weights given the current architecture. In
eþect, perform ance has reached an asym ptote. Thus, when a module is in the
input training phase , its response is given by the last epoch of the previous output
phase. If one m odules reaches victory before the other, its weights are frozen until
the other m odule com pletes training.
4.2. Testing the Network
Sequential seriation is tested by presenting a standard disordered array to the
network. T he m ove output by the network is carried out by m oving the selected
stick and adjusting the others in order to ®ll the em pty slots. The resulting array is
then cycled back as input to the network. At each such episode, the resulting array
is recorded. The cycling process is terminated when an array has appeared twice
because this signi®es the presence of a loop (because the networks are determ in-
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istic). T he collection of recorded arrays constitutes a trace of a network’s seriation
of the initial array. Stage perform ance is then diagnosed from this trace of arrays.
T he initial array used is {5 2 4 1 6 3}, where the num bers represent the rank sizes
of each element in the array. This is the array suggested for testing by Retschitzki
(1978, p. 14) because it is m axim ally disordered from both decreasing and
increasing series.
Stage diagnosis requires inform ation concerning both the ®nal state of the array
and the m ethod used to arrive at that ®nal array. Unfortunately, determ ining which
stage a seriator belongs to is not without controversy, even with children (Kingma,
1982). In particular, diagnostic techniques for distinguishing between third and
fourth stage seriators, that is, between empirical and operational seriators, are not
unanim ously ag reed upon. The G enevan school has tended to use a variety of
diþerent criteria, such as whether the child used the operational procedure, w hether
the series was anticipated (as tested by a prelim inary drawing task), whether the
child could insert additional sticks into the series, or whether there were no or very
few self-corrections (e.g. G illieÂ ron, 1977; Lautrey et al., 1986; Pierre-P uyseÂ gure
et al., 1988; Retschitzki, 1978). M ost Anglo-Saxon researchers have relied on a
`results only’ or term inal series criterion, thereby collapsing the third and fourth
stages into a single one (e.g. (Baylor et al., 1973; Elkind, 1964; Moore, 1979;
Young, 1976).
T hroughout the sim ulations in this study, stages 1 and 2 are diagnosed as
described by Piaget. Examples of term inal series are illustrated in Figure 1. Series
of uncoordinated pairs (one sm all, then one large element), uncoordinated triplets
(one sm all, one m edium sized and one large element), roof-top seriation (in which
the tops rise for three elements and then descend for the next three, or vice versa)
and correct seriation of the ®rst ®ve elem ents followed by an inability to ®nish are
coded as stage 2 behaviour. Any other behaviour not resulting in an ordered series
is diagnosed as stage 1.
To distinguish between operational and empirical seriators (stages 4 and 3,
respectively), both the procedure used and the num ber of self-correction criteria
are app lied sim ultaneously. M oreover, because the network is forced to m ake a
m ove even when the presented array is correctly ordered, two diþerent responses
are taken to signify that the network has ®nished sorting: either the network enters
a cycle of selecting a stick and putting it back in the same place, or the network
enters a cycle of selecting a stick and moving it over one position, only to reverse
that decision on the following m ove. Under these conditions, a network is classi®ed
as performing stage 4 seriation if it correctly constructs a series according to the
operational procedure with at m ost one error from which it continues using the
sam e operational procedure, or if it seriates in the same or fewer num ber of m oves
than required by the operational m ethod. If it constructs a com pleted series in any
other way, it is classi®ed as stage 3. This epoch-by-epoch diagnosis of behaviour is
carried out automatically by software designed to implement these criteria. T he
resulting traces of stages produced by the diagnostic procedure are then plotted
(see F igures 4 and 5 and the Appendix).
Finally, stages are periods of constant behaviour that extend over time (Flavell,
1971; Shultz, 1991). The procedures above describe how behaviours at every
epoch are diagnosed as characteristic of one stage or another. However, for
networks to be diagnosed as passin g through a sequence of behavioural stages, the
behaviours m ust persist over a num ber of consecutive epochs. In our sim ulations,
a developm ental stage is scored as present if the behaviour characteristic of a stage
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lasts for at least four consecutive epochs. Stage diagnosis is applied to the epochby-epoch diagnostic trace.
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4.3. The M odels
4.3.1. Parameters. All param eters are set to their default values provided in
Fahlm an’s (5 N ovem ber 1991) version of cascade-correlation. The value of l is
set to 2.0 for the training of both output units and candidate hidden units. T he
value of e is set to 0.35 and 1.0 for the training of output units and candidate
hidden units, respectively. T he input units have linear activation functions, w hereas
the output units and the hidden and candidate units have sigm oid activation
functions with activations ranging from 2 0.5 to + 0.5
4.3.2. Encoding. The input coding represents six elements varying in size by a
constant am ount. A bank of six input units is used to code the arrays. The position
of the units relative to the others represents the position of the elem ents in the
array. The activation values of elements in the array are increased by n times a
constant am ount, where n is the rank of each element in the array. All arrays use
an input of 1.0 to code the sm allest element. T he increm ental value between
successive elements in the array is 1.0, 0.5, or 0.25, depending on the model
version.
T he outputs also employ a band of six units, but with sigmoid activation
functions. T he which network has the task of identifying the stick to be m oved.
T his is done by setting a target value of + 0.5 for the unit spatially coding the
position of the to-be-m oved stick. Each of the other output units has 2 0.5 as a
target value. In the where network, the unit spatially representing the position to
which a stick should be m oved has a target value of + 0.5, whereas all other output
units have a target value of 2 0.5. The response of each m odule is com puted by
selecting the unit with the highest activation. This selection m echanism could be
im plem ented using a winner-take-all constant satisfaction network (Feldm an &
Ballard, 1982).
N ote that the spatial left-to-right representation of stick position is som ething
that the networks have to learn. N aõÈve networks with random initial weights do
not, of course, share our notions of left-to-right spatial representation.
4.3.3. The training signal. T he networks received which and where feedback on a
small subset of unrelated, random ly elected sorting moves. As noted earlier, this
inform ation is consistent with that which would be obtained by watching som eone
else m ake an app ropriate m ove. The idea is that the child observes a disordered
array, predicts a response and observes a target response m ade by another person.
T his has been found to be a particularly eþective means of teaching seriation skills
to 2- to 5-year-o ld children (Bergan & Jeska, 1980).
It is not necessary to witness a com plete sequence of sorting m oves. Again,
justi®cation for this training procedure stem s from its m inim ality (children to not
have to witness a com plete sorting sequence, but can learn from individual sorting
m oves) and its consistency with Vygotsky’s (1978) cognitive scaþolding hypo thesis,
according to which the child learns from social interaction. By analogy, the networks
are provided with a disordered array, predict a sorting m ove, and then receive a
target m ove consistent with Piaget’s operational procedure.
Little is known about the child’s exact learning environm ent. This is partly
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because of a lack of naturalistic observations of seriation learning and partly
because the uptake environm ent (what counts as a possible learning experience)
m ay diþer signi®cantly from the objective environm ent. T hat is, the child’s learning
m ay focus on certain aspects of the environm ent that are not directly obvious to
an external observer. Cognitive biases such as a preference to attend to adult
behaviours strongly shape the nature of the child’s learning experience (Donaldson,
1986; Rogoþ, 1990; Vygotsky, 1978). Additional biases in the construction of the
network training set (discussed in m ore detail later) re¯ect assum ptions built into
the m odel about other cognitive biases that may underlie children’s learning. O ne
advantage of com putational m odelling is that it provides a m eans of testing the
role of various possible biases in learning. The target signals provided to our
networks are designed to mim ic the conditions under which children learn and the
type of inform ation that they m ight have access to.
T he network modules are trained to respond as dictated by Piaget’s operational
procedure, i.e. to m ove the sm allest out-of-order stick to its correct place. T he
operational procedure re¯ects adult-level competence from the social environm ent
in which the child is im mersed. N ote that this is the only target behaviour. Any
other network behaviours emerge indirectly through developm ent and are not
trained on explicitly. Aside from adopting this operational rule for training, the
sim ulations are not intended to im plem ent Piaget’s theory of seriation. T he training
process is presented in m ore detail in Section 5.
4.3.4. The training environm ent. In a pilot study, each network was trained on 100
random ly selected input /output pairs from the 720 possible six-element arrays
(M areschal, 1992). An input /output pair consists of a speci®c array con®guration
as input and as output the stick to m ove and the position to m ove it to as dictated
by Piaget’s operational procedure described in Section 2. For exam ple, given the
array {1 3 5 6 2 4}, the composite m odel should conclude that the stick in the ®fth
position needs to be m oved to the second position resulting in the array {1 2 3 5 6 4}.
T he networks in these pilot sim ulations failed to develop further than stage 2
perform ance. A closer look at the behaviour of these pilot networks revealed that
they perform ed very well on a m ajority of input arrays, but failed consistently on
others. They failed to identify the correct m ove to m ake signi®cantly m ore often if
presented with a low disorder array (i.e. a series that was alm ost com pletely
®nished). On the other hand, if the array was very disordered there were fewer if
any errors.
In order to induce a higher level of perform ance, the training set was changed
so as to increase the proportion of less disordered patterns. Fifty patterns are
selected from those with a disorder (as m easured by the sum -of-squ ares distance
from the ordered array) less than or equal to 20, and 50 are selected from those
with a disorder greater than 20. T he natural, unbiased population of possible arrays
of six item s consists of 569 (79% ) high disorder patterns and 151 (21% ) low
disorder patterns. 1
T his bias corresponds to the psycho logical assu m ption that a greater num ber
of the events from which the child learns to seriate involve situations in which
series are close to being com pleted. An example scenario m ay be one in which the
young child watches an older child or adult playing with or m anipulating diþerent
size dolls. W hen the dolls are com pletely disordered, the child is less likely to
recognize them as a possib le series and, hence, does not capitalize on this event to
learn about serial order relations. O n the other hand, if the dolls are largely ordered,
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the sam e child is m ore likely to conceive them as (nearly) a series, and consequently
can capitalize on this event to learn about serial order relations. The basic idea is
that low-disorder arrays become m eaningful before high-disorder arrays because
the application of a serial order schem a is m ore readily prim ed by the appearance
of an array sim ilar to the ordered target array. In this context, it is noteworthy that
younger children are less likely to apply seriation schem es spontaneously than
older, m ore experienced children are (Liben, 1975).
C onnectionist learning algorithm s have a tendency to over-®t the training set if
trained too deeply (Moody, 1992). T hus, early training is often of m ore interest,
particularly for developm ental psychology. O nly the ®rst 150 epochs of training
are reported for stage diagnosis here because networks have all reached their
optim al stage perform ance by then. Behaviour after 150 epochs m ay occasionally
regress to a lower stage or change to another behaviour characteristic of the sam e
stage. T hese later changes are not discussed because they re¯ect an artifact of the
training process that would not app ly to learning in children. Indeed, over-®tting
of a training set can only happ en if the test and training instances are kept
independent, i.e. if no learning occurs during testing. In children’s seriation, every
instance is potentially a learning instance because the child can see whether the
m ove increases order.
5. Simulation Results: Size Increm ents and Three-elem ent Subset
S or ting
We report three sim ulations, one on variation in size increments, another with
training on smaller, three-elem ent sorting subtasks and a third on developm ental
changes in the eþects of array disorder. T he ®rst two of these sim ulations are
reported in this section. Before turning to the details of the sim ulations, we will
®rst describe diþerent types of network behavio urs observed. In the interest of
clarity, we begin with a short pream ble illustrating the types of network behaviours
observed across diþerent conditions before reporting the actual results obtained in
each condition.
5.1. Characteristic N etwork B ehaviours
T his section focuses on individual network behaviours observed, whereas the
subsequent sections report the perform ance over groups of networks. Readers are
encouraged to keep the individual behaviours in mind when evaluating the group
perform ance.
Figure 4 illustrates the epoch-by-e poch developm ental pro®le of a single network. Each diam ond corresponds to perform ance at one epoch. It is worth noting
that, although there is a general increase in stage performance with epoch, there is
considerable variability in the type of behaviour a network shows over consecutive
epochs (i.e. over consecutive tests). As discussed earlier, a network m ust show four
consecutive epochs of the same stage behaviour to be diagnosed as passin g through
that developm ental stage.
Figure 5 shows exam ples of diþerent patterns of behavioural developm ent that
can be found in the diþerent sim ulation conditions. T hese ®gures depict perform ance at a coarser scale than that shown in Figure 4. It is no longer possible to
distinguish epoch-by-e poch behaviour. However, it is im portant to rem ember that
only one characteristic behaviour can be diagnosed at each epoch. N etworks
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Figure 4. Epoch-by-ep och diagnosis of behaviour. Each diam ond m arks the network’s perform ance at one epoch.
depicted in Figure 5(a±c) are all networks that learn to sort the test array correctly
(i.e. they can produce the app ropriate fully sorted array when presented w ith the
initial test array)Ð though not necessar ily according to the Piagetian dictum .
N etworks in Figure 5(d, e) never learn to sort correctly the test array. We now
turn to describing network performance under diþerent training conditions.
5.1.1. The canonical condition. T his set of simulations uses the input values 1,
1.5, 2, 2.5, 3 and 3.5. There are 20 networks. Each network is trained on its ow n
random ly selected set of patterns as described in Section 4.3.3. T he mean num ber
of epochs to victory for the which networks is 353, with a standard deviation of
112. The m edian num ber of hidden units recruited is two. T he mean num ber of
epochs to victory for the where network is 183, with a standard deviation of 55.
T he m edian num ber of hidden units recruited is one.
T he percentage of various stage prog ressions for each of the several conditions
is presented in Table I. Although all networks successfully learn the training set,
not all networks go on to show the appropriate sorting behaviours on the novel
test case. As discussed in Section 4.2, networks m ust show at least four consecutive
epochs of a sam e stage behaviour to be counted as having passed through that
stage. As shown in the second column of Table I, there is m oderate success at
producing the appropriate stage developm ent in this condition. Fifty-®ve per cent
of the networks develop the ability to order the array (i.e. to produce the correct
®nal array). A little over half of those (30% ) show stage 3 perform ance, whereas
25% do not show any stage 3 perform ance.
5.1.2. The large increment condition. In this condition, the step size between
successive elements is increased in order to enhance successful seriating. T his set
of sim ulations uses input values 1, 2, 3, 4, 5 and 6. T here are 20 networks. Each
network is trained on its own random ly generated patterns. The m ean num ber of
epochs to victory for the which networks is 311, with a standard deviation of 106.
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Figure 5. Exam ples of network stage developm ent in diþerent conditions. (a)
1 2 3 4 developm ent; (b) 1 2 4 developm ent; (c) 1 2 3 developm ent; (d) 1 2 development; (e) stage 1 developm ent only.
T he m edian num ber of hidden units recruited is two. T he m ean num ber of epochs
to victory for the where network is 80, w ith a standard deviation of 35. The median
number of hidden units recruited is zero.
As show n in the ®rst colum n of Table I, perform ance on the seriation task
de®nitely improves com pared to the canonical condition. Eighty-®ve per cent of
networks learn to sort the array correctly. M oreover, as predicted by Piaget (1965),
this im provem ent is m arked by an absence of stage 3 perform ance. In fact, only
two of the 17 networks that learn to seriate ever show a consistent period of
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Table I. Percentage of networks show ing speci®ed developm ental prog ressions
(n 5 20)
Sim ulation
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Stage progression

Canonical

Large increment

Sm all increment

Internal subset

1234
1324
123
124
134
14
13
12
1

5
0
25
20
0
5
0
45
0

10
5
0
70
0
0
0
15
0

0
0
10
5
0
0
0
75
10

30
0
15
15
30
5
5
0
0

Percentage learning
to order an array

55

85

15

100

empirical seriation. Of the other 15 networks, 11 (73% ) show som e intermittent
stage 3 performance but never reach the criterion of four successive epochs of stage
3 perform ance. T here is som e stage 3 behavio ur, but it app ears to be random ly
spread across a large num ber of epochs and always overlaps w ith other stages. This
suggests that these networks never go through a stage of trial and error, and either
fail to generate a global series or m ove directly from partial sorts to system atic
operational seriation.
5.1.3. The small increment condition. In this condition, step size is decreased in
order to investigate whether the converse relation holds, i.e. a decrease in seriation
perform ance when the step size is too sm all. T his sim ulation uses input values 1,
1.25, 1.5, 1.75, 2 and 2.25. There are 20 networks, each trained on its ow n
random ly generated set of patterns. T he mean num ber of epochs to victory for the
which networks is 531, with a standard deviation of 150. The m edian num ber of
hidden units recruited is three. The m ean num ber of epochs to victory for the
where network is 286, with a standard deviation of 21. The m edian num ber of
2
hidden units recruited is 1.5.
T he third colum n of Table I shows a reduction in performance as com pared to
the canonical condition. O nly three networks (15% ) are ever able to construct a
com pleted series. M ost networks (15) rem ain at a stage 2 level of uncoordinated
seriation.
5.2. Simulation 2: Internal Subset Seriation

3

T he less than optim al performance in the previous sim ulations suggests that a key
piece of the seriation puzzle is m issing. O ne clue is that even very young children
can seriate a sm all num ber of elem ents (e.g. three elem ents). A second clue is
Piaget’s (1965) suggestion that one of the causes of stage 2 seriation is that children
are unable to extend order on sm all sets to the entire series, relying on local size
com parisons. Together, these psychological results suggest that operational seriation on a subset of the elem ents in a larger array m ay be a source of behaviour
diagnosed as stage 3 (empirical seriation). Phrasin g this in term s of the cognitive
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bias discussion in Section 4.3.3, these ®ndings suggest that children have a cognitive
bias towards recognizing and learning from the sorting of sm all sets of elements
rather than large sets of elem ents. It is also possible that sm all arrays are m ore
com m only available in the child’s environm ent than are large arrays.
To test this hypo thesis, the training set in the large increment condition is
m odi®ed to include three-elem ent series. In addition to the original 50 patterns
drawn from the low disorder categor y and 50 drawn from the high disorder
category, there are 20 patterns selected random ly from the 24 possib le threeelement series (i.e. six orders by four positions). T hese series are created using the
integers 1, 2 and 3 to code the elements and 0 to code the resulting empty spaces
in the six-elem ent arrays. There are never any spaces between elements, and any
ordering occurs solely within the lim its of the series. For exam ple, given the array
{0 0 2 1 3 0} the correct operational m ove is to m ove elem ent 1 to the position
occupied by elem ent 2. T here are 20 such networks. T he mean num ber of epochs
to victory for the which networks is 614, with a standard deviation of 126. T he
m edian num ber of hidden units recruited is ®ve. T he m ean num ber of epochs to
victory for the where network is 252, with a standard deviation of 94. The m edian
number of hidden units recruited is one.
Stage diagnosis is displayed graphically in the Appendix for all 20 networks. In
this set of sim ulations all networks exhibit behaviour in all four of the stages, and
stages are spread over a larger time span. All networks are able to produce the
corrected ®nal (sorted) array. T here is m uch m ore of a mixture of diþerent stages.
N evertheless, six (30%) of 20 networks (networks 3, 7, 9, 15, 16 and 19) prog ress
through stages 1, 2, 3 and 4. There is often a large am ount of overlap between
stages, suggesting that for m uch of the developm ental period no stage is uniquely
characteristic of the network’s behaviour. Transitions between stages are soft, with
stages m erging gradually into one another. N ote also that network 16 regresses to
stage 3 after continued training.
T hree (15%) of 20 networks (networks 1, 10 and 17) prog ress through stages
1, 2 and 4. These networks show stage 3 behaviour, but too inconsistently to m eet
the stage requirem ents of four consecutive epochs at the sam e level. Three (15%)
of 20 networks (networks 8, 14 and 18) progress through stages 1, 2 and 3. T hese
networks sometimes show an early but brief stint of stage 4 behaviour followed by
regression either to stage 3 or to lower levels. This suggests that over-training m ay
have occurred. N etwork 14 begins with a brief period of stage 2 behaviour that
precedes the 1, 2, 3 prog ression. This prem ature stage 2 behaviour is due to the
initial random seeding of the weights in the network. Six (30% ) of 20 networks
(networks 4, 5, 6, 12, 13 and 20) progress through stages 1, 3 and 4. Again, there
is evidence of stage 2 behaviour in these networks, but not enough to constitute a
stage according to our criterion. N ote that network 6 regresses to stage 3 with
continued training. T he rem aining two (10%) of 20 networks (networks 2 and 11)
show only two of the four possib le stages. T hat is not to say that the other stages
are totally absent, but only that they are very brie¯y present and always adjacent
to another form of behaviour.
5.3. Discussion of Simulation Results
Table I lists the percentages of networks exhibiting the diþerent developm ental
prog ressions found in the four simulations (i.e. showing at least four consecutive
epochs of sam e stage behaviours). T he essential shortcoming of the large increm ent
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m odel is an absence of empirical (stage 3) seriation behaviour. T he distribution of
networks in the canonical conditions con®rm s that em pirical seriation (stage 3
perform ance) can be induced by decreasing the size diþerence between successive
elements. M oreover, the distribution of networks in the small increment conditions
shows that deterioration continues as step size decreases. These results suggest that
m odular cascade-correlation networks respond to decreasing step sizes in seriation
tasks as children in the sam e way that children do.
Results for the internal subset sim ulation show that empirical seriation can be
induced by the app lication of a system atic procedure (in this case the operational
procedure) to a subset of the elements in the series. Indeed, having the ability to
perceive and system atically order internal subsets within the full array of availab le
elements could well be one of the sources of empirical seriation in children. As
noted in Section 2, young children can seriate three elements and yet fail to extend
this procedure to larger arrays.
N etwork stage transitions are soft. Transitions consist of the slow and gradual
m erging of one style of behaviour into another. One type of behaviour is often
accom panied by the presence of other types of behaviours. D uring the developm ent
period, there are few regressions to consistent lower stage behaviour, although
isolated instances of regression are com m on. Sim ilar observations have been
reported in children by K ingma (1983b), who found that in a longitudinal study
of diþerent seriation tasks the m ajority showed a gradual developm ent of seriating
abilities as opposed to all-or-none acquisition.
N etwork behaviour is ¯exible. As noted in Section 2, children show considerable
variability in seriation strategies within a stage. Even stage 4 seriators use diþerent
strategies (G illieÂ ron, 1977; Lautrey et al., 1986; M oore, 1979; Pierre-PuyseÂ gure
et al., 1988; Retschitzki, 1978). Random selection strategies and partial seriation
are present in children of all ages, even those well into the operational stage
(Kingm a, 1982). The only way that previous m odels have addressed this issue is
to hand-tailor a distinct m odel for every child (e.g. Young, 1976). However, once
a production system is designed to mim ic a stage behaviour, it does not produce
any other behavio urs characteristic of that stage.
T he networks in the internal seriation condition show abundant variation in
seriating behaviours both between networks and within networks from a longitudinal perspective. For exam ple, recall that there are four ways to exhibit stage
2 behaviour (Figure 1). The m edian num ber of diþerent stage 2 diagnoses
displaye d by the networks is two. N inety per cent of the 20 networks at som e
epoch produce uncoordinated pairs, 30% produce uncoordinated triplets, 15%
produce a roof-top series and 55% produce a partial ordering of the ®rst four
sticks in the series.
Stage 4 perform ance also show s between and w ithin network variability in
behaviours. T he m edian num ber of diþerent stage 4 diagnoses is 2.5. W ith a
limited num ber of elem ents in the test series (six), it is diý cult to tease apart the
diþerent seriating strategies because they often predict the sam e m oves. H owever,
all of the 20 networks deviate from pure operational seriation at som e time during
stage 4. T he deviations arise from the execution of an apparently random m ove
that increases the total num ber of moves required to com plete the sort. In fact,
only 25% of networks never seriate operationally without any deviations. T hus,
even when networks seriate according to stage 4, they do not always follow the
dictated strategy precisely and can include an app arently random m ove. T he nature
of that random move gives rise to diþerent observed behaviours. Random selection
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is observed in children of all ages, even those well into the fourth stage of seriation
(Kingm a, 1982).
It is important to note that networks can show m ore than one type of within
stage behaviour because they are constantly adapting to the environm ent. T hus,
over subsequent epochs the network’s experience (and hence its knowledge) diþers.
Progressions and regressions occur within a stage because of continuous sm all
changes in the connection weights. W hat is especially interesting is that the
networks were only trained on a selection of m oves dictated by the operational
m ethod. N o network was ever trained on any of the various stage 2, stage 3 and
alternative stage 4 behaviours that they eventually showed. The individual diþerences in term inal strategies re¯ect the individual learning experiences of each
network. T he addition of hidden units did not necessarily correspond to stage
transition. T he role of hidden units is discussed further in the next section.
6. Network Analysis
To get a better idea of how the arrays are processed, connection weight diag ram s
were generated at selected epochs. These diag ram s provide a visual display of the
sign and strength of the weights in the network. Hence, it is possible to follow the
weight evolution that leads to the particular solution settled on. T he analysis
focuses on the internal subset seriation sim ulation because it produces the largest
proportion of networks prog ressing through all four stages.
T he initial architecture of both the which and the where m odules consists of a
bias unit and six other input units and six output units. In the diag ram s in Figure
6, the bias unit is labelled 0 and the other input units are labelled 1 ± 6 from left to
right, respectively. T he output units are also numbered 1 ± 6 from left to right.
Because the inputs are initially fully connected to the outputs, there are 7 3 6 5 42
connection weights at this point. In F igure 6, a black square represents a negative
weight, whereas a white square represents a positive weight. The relative m agnitude
of a weight is represented by the relative size of the side of the corresponding
square, with the size of the side increasing in proportion to the m agnitude of the
weight.
As a prelude to the investigation of network structure it is worthwhile pondering
in m ore detail the nature of the respective subtasks (i.e. identifying a stick and a
destination). Understanding the task requirem ents simpli®es interpretation of
network weights. An output unit in the which m odule should have a positive
activation if the stick in the input array whose position it is coding is the sm allest
stick not yet in order. O therwise, an output unit should be negative. Thus, an
output unit learns to attend to its corresponding input unit.
In the where m odule, an output unit coding a position should be positive if all
the previous positions are correctly ®lled and the position corresponding to that
unit is not correctly ®lled. O therwise, an output unit should be negative. Thus, an
output unit learns to attend to its corresponding input unit but also to all of the
input units of lower rank.
In m ature networks, one could thus expect to ®nd large weights along the
diagonal of a weight diagram of the which m odule. In a weight diagram of a m ature
where m odule, there should be large weights not only along the diagonal but also
above the diagonal.
T he weight diagram s are rem arkably sim ilar in the structure they reveal for
diþerent networks in the internal subset condition. Presum ably, m acroscopic

169

Downloaded By: [Birkbeck College] At: 15:34 8 June 2007

Seriation: A C onnectionist Approach

Figure 6. Hinton diagrams of the connections in network 3 of the internal subset
sim ulation at selected epochs.

diþerences in diagnostic behaviour hinge on m inor diþerences in weight m agnitudes. Figure 6 shows the weight diagram s derived from network 3 of the internal
subset sim ulation (selected because it shows behaviour at all four stages). T hese
diag ram s are representative of those obtained for other networks. T he diag ram s on
the left of the ®gure are derived from the which m odule, w hereas those on the right
of the ®gure are derived from the where module. Successive diag ram s are drawn at
epochs 5, 15, 35, 125 and 145 because these coincided with periods of consistent
stage behaviour.
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Figure 6.Ð (Continued)
6.1. The W hich Network
Early in the developm ent of the which network (epoch 5), the weights still appear
to be quasi-ran dom ly distributed. This is re¯ected by stage 1 perform ance. T he
network has not yet organized its behaviour suý ciently to order much of a series.
C onsiderably m ore structure becom es evident by epoch 15. As a general rule,
developm ent in this set of sim ulations occurs early in training. N ote that all the
connections leading to output unit 1 are negative. The other output units have
small weights of varying sizes everywhere except from the input unit w hose position
they are coding, thereby de®ning a diagonal. Interpreting this is straightforward.
T he ®rst stick is never selected to be m oved, so all weights into the ®rst output
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Figure 6.Ð (Continued)
unit are negative. For the other output units, the large negative weights along the
diagonal ensure that if anything but a sm all stick is in that position the unit w ill
®re negative. Thus, the strategy is to dam pen out any signal other than that arising
from the sm allest stick.
Also, this network has begun to develop a gradient in the m agnitude of the
weights along the diagonal. T he diagonal weights get sm aller prog ressing from
output unit 2, to 3, and to 4. This establishes an order in which out-of-plac e sticks
are identi®ed. For exam ple, the weight to output unit 2 is very large and so only
sticks of sm all length (less than 2) fail to dam pen activation of unit 2. T he weight
into output unit 3 is a little smaller so only sticks with length less than 3 fail to
dam pen the activation. T his ordering breaks down at the longer sticks. T his is
consistent with stage 2 behaviour in which the child can correctly apply a procedure
to the initial elements of the series but fails to extend it to the entire series.
By epoch 35, the ordering of weights along the diagonal extends to all of the
outputs units. All the weights from the bias unit except the weight to output unit
3 have been trained to negative values and appear to be tuned to the precarious
balance required for the dam pening m echanism to function correctly. T he
rem aining weights activate the correct output unit, especially if there are bigger
items to the right of the critical position (i.e. no sm aller sticks to the right of that
position). Thus, positive weights are required on the right of the diagonal. T he
appearance of stage 3 perform ance therefore coincides with the extension of an
ordering process across the entire array as well as the consolidation of the delicate
threshold m echanism through m odi®cations of the bias weights.
Few changes occur between epochs 35 and 125. T he essential diþerence is a
change of sign in the weight joining the bias unit to the third output unit.
Perform ance is now diagnosed as stage 4 rather than stage 3. This suggests that
the transition from empirical to operational seriation is due to re®nement of
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procedures already present during stage 3 (and in fact partially present during
stage 2) rather than radical structural reorganization. T his observation is in
ag reement with Koslowski’s (1980) suggestion that the developm ent of children’s
seriating abilities is partially driven by im provem ent in the precision to which
operations are carried out.
Epoch 145 still corresponds to stage 4 perform ance but now shows the presence
of a hidden unit (labelled 7). T he hidden unit is particularly sensitive to the
presence of anything but a sm all stick in position 2 as well as to a proper ordering
of the elements in positions 3, 4 and 5. If one of the sticks in these positions is out
of order, the hidden unit dam pens the ®ring of position 6 and enhances activation
in positions 4 or 5. T he purpose of this hidden unit is to ®ne-tune procedures that
have already been in place since at least epoch 35. T he hidden unit conveys the
need for added power to extend ordering accurately to the last few elem ents in the
series. It does not seem to be critical for stage 4 performance and m ay in fact be
an artifact of the previously described over-training.

6.2. The W here N etwork
Turning now to the where network, it is again clear that the weights at epoch 5 are
still quasi-ran dom ly distributed. As in the which network, this results in stage 1
perform ance. By epoch 15, the essential solution structure has begun to appear.
N ote that all the weights leading into output unit 6 are negative. This makes sense
because location 6 is never a target of the smallest stick out of order. O nce again
the diagonal plays a distinctive role. T he weights below the diagonal are all very
small and hence contribute little to computing activation of the output units. T he
weights above the diagonal are of m oderate to large m agnitude as the network
discovers that this task requires an output unit to attend to its corresponding input
unit as well as all the input units of lower ranking positions, but not to the input
units of higher ranking positions.
T he weights along the diagonal are positive, with one exception. H ence, any
output unit tends to be positive if there is a large stick in the position coded by
that unit. K eeping in m ind that the role of this network is to identify positions to
which small sticks are to be m oved, it is easy to understand how the strategy of
positive weights along the diagonal works. If there is a larger stick in the corresponding position, then it is not a sm all stick and a sm all stick should be m oved there.
T hus, the relevant output unit should ®re to signal that a sm all stick is required.
T his part of the weight structure is devoted to identifying positions that could
potentially receive a sm all stick.
T he other half of this network’s task is to verify that all the sticks to the left of
the target position are in order. If they are not in order, then the output unit should
be inhibited from ®ring because som e lower ranking position is required to be ®lled
prior to this position. This is the role of the negative weights above the diagonal.
At this epoch of stage 2 perform ance, the weights above the diagonal are all
negative and of the sam e size or larger than those along the diagonal. T hus, if any
stick larger than the one in the target position should be to the left of that position,
the resulting negative activation exceeds the resulting positive activation and the
corresponding output unit is inhibited. However, this m echanism is not guaranteed
to work if the sticks to the left of the target position are all sm aller than the one in
the target position (i.e. the network would tend to identify position 4 in both arrays
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{1 2 3 5 6 4} and {1 3 2 5 6 4}). Interestingly, such m istakes only becom e possib le
when the array exceeds lengths of three or four elements.
By epoch 35, the problem of testing for proper order in the lower ranking
positions is solved by a decreasing gradient in weight m agnitudes. N ote that
negative weights leading to output units 3 and 4 decrease in m agnitude with a
prog ression from left to right in the input array. A gradient in this direction is
sensitive to ordering by increasing size of the sticks in the array, w ith any exception
resulting in an excess of negative activation thereby inhibiting the output unit. U nit
5 app ears to be dealt with in a diþerent way. In contrast to other units that can
®re positively when presented with diþerent input arrays, this unit should only ever
®re positively when presented with the array {1 2 3 4 6 5}. Because the last two
values (5 and 6) have the sm allest proportional increment, they will be the m ost
diý cult to tell apar t. In order to resolve the case in w hich the array is com pletely
ordered from the case in which the last two values are swap ped around, the network
grows m oderately large weights from those two input units. T he larger weights w ill
m agnify the diþerences and help distinguish between these two cases. H owever, it
is m ost im portant to m agnify that diþerence when the ®rst four elements are
already sorted. T he left to right increasing gradient ensures that the negative
activation entering the unit is a m axim um when the four preceding units are
correctly ordered. In this case, only the largest input activation (6) m ultiplied by
the large positive weight from input 5 will succeed in tipping the balance towards
positive activation. Also, the weight connecting output unit 2 to its corresponding
input unit is now positive so that all weights along the diagonal are positive. T he
resulting behaviour is now diagnosed as stage 3.
O nce again, only ®ne-tuning occurs between epoch 35 (stage 3 performance)
and epoch 125 (stage 4 perform ance). The weights leading from the bias unit have
been tuned to adjust the ®ring thresholds of the output units. A clear example of
this is found in the weights leading to output unit 1. Notice that the weights leading
to the output from the bias unit and ®rst input unit are of the sam e m agnitude but
of opposite signs. Therefore, when stick 1 is in position 1 the resulting activation
is counterbalanced by that of the bias unit. The rem aining weights (with larger
input activations) determine the unit’s activation. Because these are all negative,
the unit ®res negatively. If, on the other hand, som e other stick is in the ®rst
position, then the resulting activation exceeds that arising from the bias unit and
the corresponding output unit ®res positive. N o diþerences app ear between epoch
125 and epoch 145. In all networks (and in fact in all simulations), the where
network com pleted its training before the which network.
6.3. Hidden Units
T he weight diagram analyses show how a representation of the task is developed.
Knowledge of w hat action to carry out is encoded in the connection weights linking
the input and output units. However, no clear functional role is identi®ed for the
hidden units recruited into the network. A further 10 networks were trained in the
internal seriation condition in order to investigate the environm ental pressures that
m ight induce the recruitment of m ore com putational resources into the network.
T hese networks were only trained for the ®rst 150 epochs used to diagnose
stages. U nder these conditions, eight of these 10 networks recruited a which hidden
unit at epochs ranging from 120 to 145 (the other two networks recruited no
hidden unit in the which m odule). In the where module, six networks did not recruit
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hidden units whereas the other four recruited a hidden unit at epochs ranging from
144 to 149. In only one network did the recruiting of a hidden unit (a which
hidden unit) correspond to an im m ediate change in seriation strategy: perform ance
changed from one type of stage 4 behaviour to another as result of this hidden
unit. N o other recruited units produced any im m ediate diagnosable change in
m acroscopic behaviour. That is, there is a qualitative change in computational
power, but no qualitative change in observable behaviour.
T he hidden units are introduced at a point in training where error is already
low and is approaching asym ptote. H owever, even at this point residual error
rem ains. The added hidden units do increase the rate at which this residual error
is reduced. T his becom es clear w hen exam ining the relative error drop-oþ rates for
the 10 epochs prior to the introduction of a hidden unit and com paring it to the
rate for the 10 epochs im m ediately after the introduction of the hidden unit. T he
average post-unit drop-oþ rate in the which m odule is 4.42 times larger than the
pre-unit drop-oþ rate. T he eþect is less pronounced but sim ilar in the where
m odule, where the average post-unit drop-oþ rate is 1.37 times larger than the
average pre-unit drop-oþ rate.

6.4. Sum mar y of N etwork A nalyses
T his analysis reveals that networks use local size com parisons between sticks. T he
extent to which these comparisons are extended throughout the whole array
depends on the developmental state of the networks. System atic comparisons are
built up prog ressively from the sm aller end, resulting in early stage 2 perform ance
due to an incom plete extension of the comparisons. N ote that this is in accord
with Trabasso’s (1977) suggestion that a linear order m ental representation of
series is prog ressively built up from the end. Stage 3 evolves into stage 4 perform ance because of ®ne-tuning of an already present structure. These adjustm ents
correspond to a need for m ore precise perceptual discrim inations (Terrace &
M cG onigle, 1994). T his suggests that a perceptual saliency dimension m ay be
involved in the developmental of seriation.
An increase in representational power is not necessar y for successfu l developm ent on this task. However, learning continues even after the networks are
perform ing according to a diagnosable optimal strategy (e.g. using the operational
m ethod). T his learning is driven by the occasional errors that the network continues
to m ake. Com putational power increases to provide a m ore eý cient means of
processing that reduces residual errors at a faster rate.

7. Simulation 3: D isorder and the Developm ent of Seriation
In discussing the biases in the training set (Section 4.3.4), it was noted that the
disorder of the array presented to networks in a pilot study was a signi®cant factor
in determ ining w hether a network would choose the correct m ove (M areschal,
1992). This is one of a num ber of perceptual eþects evident in our network
sim ulations. In this section we investigate the developm ent of the disorder eþect.
We focus on the large increment condition where the diþerent input arrays are
m ost distinct from each other.
G eneralization is tested on 15 networks. At the end of learning, these networks
identify the correct m ove to m ake on 691 (96% ) of the 720 possible six-element
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Figure 7. D evelopm ent of three networks’ generalization abilities. Early in developm ent, passing and failing are equally distributed along the disorder dim ension.
Later, failures tend to cluster in the lower disorder region.

arrays they are presented with. It is worth rem embering that these networks have
only been trained on 100 (14% of the total) random ly selected arrays.
Figure 7 shows the developm ent of generalization abilities during the early part
of learning for two networks as a function of the disorder of the array presented.
T he disorder of an array ranges from minimum of zero to a m axim um of 72 in
incremental steps of two. In order to reduce the com plexity of the ®gure, only
alternate disorder values are plotted in F igure 7 (i.e. at increments of four instead
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of two). The proportion of correct responses is presented as a function of these
disorder values. Proportional scores are used because there are varying num bers
of possible arrays for a given disorder. Initially, errors occur across the whole range
of disorder values. However, by 50 epochs these networks are perform ing with
alm ost 100% accuracy on arrays with disorder values above 20. Errors do persist,
but they tend to occur on arrays w ith disorder values of 20 or less.
T hese results suggest an alternative interpretation for why children fail seriation
tasks. A child begins sorting the array correctly, but as sorting proceeds the child
becom es m ore likely to produce an error sim ply because the current array has less
and less disorder. This could be true even when the child is applying an operational
procedure. T he child may stop before the array is com pleted by adult standards or
m ay even stum ble on to the ®nished series, but in so doing would be classi® ed as
an empirical seriator. This scenario is consistent w ith studies reviewed in Section
2, showing that young children possess the requisite skills for seriating sm all arrays
but fail to apply these skills fully to larger arrays.
O ne conclusion from this section is that unbiased training sets lead to biased
results: low -disorder arrays are poorly sorted. Hence, in order for the network to
learn, the training set m ust be biased towards the lower disordered examples, as
found in the previous sections. O ne can see w hy disorder has such an im pact on
the network’s perform ance by referring back to the connection weight analyses
(Section 6). N etworks solve seriation by representing the ordered structure of a
target array w ithin their weights. T he weights act as negative template ®lters against
which the input arrays are com pared. If the input array does not match the
template, an appropriate m ove is com puted as activation from the inputs ®lters
through the system . This ®lter m echanism works well for arrays that are very
diþerent from the internalized order template, but becom es increasingly unreliable
as arrays com e to resem ble the target.
8. G eneral Discussion
T he principal goal of showing that connectionist m ethods can be successfu lly
applied to m odelling seriation has been achieved. T he cascade-correlation m odels
presented in this paper capture all six seriation phenom ena identi®ed in the
psycho logical literature. T hey show : periods of constant stage-like behaviour;
correct ordering of the four seriation stages; transition between successive stages;
better perform ance with increasing size diþerences; variation in em ergent strategies;
and gradual as opposed to sudden stage transitions.
T he six seriation phenom ena found in cascade-correlation m odels derive naturally from the inform ation processing characteristics of connectionist networks.
Periods of constant stage-like behaviour result from the sensitivity of networks to
statistical regularities in the training environm ent and the fact that learning results
in sm all changes. C orrect ordering of the four seriation stages results from the
gradual extension of seriation ability (as represented in the network’s connection
weights) to m ore and m ore of the array. 4 Transition between successive stages is
due to the dual process of connection weight adjustm ent and occasional recruitment
of new hidden units. T he better perform ance w ith increasing size diþerences results
from the continuous coupling between input and output in connectionist networks,
which ensures that network perform ance varies continuously in response to changes
in the input (Shultz et al., 1994b). Large input diþerences create clearer activation
patterns on the hidden units and m ore decisive responses by the output units.
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networks show variation in strategies because such strategies are not built in as
actual com putational m echanism s, but rather emerge from underlying topological
and weight adjustment m echanism s. Strategy-based stages are m erely diagnosed
from behavioural perform ance; they are not the actual m eans of computation.
O ften all of the children’s seriation behaviours cannot be classi®ed within the
strategy inferred by the observer (G reen®eld et al., 1972; M oore, 1979). O ur model
suggests that the apparent diversity of strategies does not necessarily re¯ect diþerent
underlying information processing. Rather than positing a wide range of strategies
used in diþerent contexts, it is m ore parsim onious to posit a single m echanism to
account for the diþerent strategies. Finally, networks exhibit gradual, as opposed
to sudden, stage transitions for the sam e reason. N etwork learning is gradual and
so the emergence of diagnosed strategies is also gradual.
Earlier com putational m odels captured only one seriation phenom enon, consistent stage perform ance. It m ay be possible to design serial sym bolic m odels that
would capture these sam e six seriation phenom ena. U ltimately, however, m odels
m ust be evaluated on the ease or naturalness w ith w hich the required phenomena
emerge from the proposed inform ation processing m echanism s.
We app roach seriation from a radically diþerent perspective than that of either
Piaget or serial sym bolic processing. We suggest that, although seriation is executed
through a series of actions, the com putations underlying choice of each action are
carried out in parallel. T he required inform ation components are com puted in
separate m odules that process the sam e input simultaneously and in parallel. In
particular, we hypothesize a which versus where dissociation in the processing of
arrays to be sorted. We arrived at this architectural m odularization through
inform ation processing considerations. The fact that the m odel captures six seriation phenomena leads us to predict a sim ilar dissociation in children’s seriation.
U nlike Piagetian accounts, our m odel also im plies that children can develop
through all four stages of perform ance without requiring an increase in representational power. T he sam e computational apparatus is at work in a child perform ing
at either a stage 1 or a stage 4 level. The basic skills required for seriation are
present as early as stage 2. Seriation developm ent is essentially due to an increase
in the precision of processing rather than to any fundam ental reorganization of
knowledge. H ence, these m odels provide evidence of stage-like developm ent arising
through m icro-genetic changes. This is radically opposed to Piaget’s initial conclusions and provides com putational support for som e m ore recent accounts of
seriation developm ent as involving a re®nement of initial procedures (Koslowski,
1980; Terrace & M cGonigle, 1994).
O ur m odel also suggests a new explanation for typical seriation errors obser ved
in children. Rather than lacking seriation operators, the m odel suggests that
children fail to apply these operators as the series gets closer to com pletion. Stages
2 and 3 should not be characterized by the absence of systematic seriation
procedures. Instead, these stages appear because a system atic procedure is being
applied, but only to subsets of items, not to the entire array.
T he developm ent of seriation expertise is closely constrained by the nature of
the learning (or uptake) environment. T hat environm ent m ay diþer from the
objectively observed environm ent due to biases introduced by a teacher who selects
the kinds of problem s the child is faced w ith (Rogoþ, 1990), or by built-in cognitive
biases that lim it the experiences that can be learned from . Our best m odel points
to a cognitive bias towards learning from sm aller arrays and from less disordered
arrays. C hildren m ay m ore easily recognize and learn from the sorting of sm all
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arrays that are com m only available in the environm ent. Also, the child is m ore
likely to perceive the com pletion of a nearly sorted array as an instance of seriation
and to learn from that instance. M oving items in a highly disordered set does not
provide feedback for learning about sorting unless the child perceives the array as
a potential series and not just as a collection of unrelated items. Finally, the ability
to dem onstrate expertise is closely tied to perceptual constraints such as array size,
increment size and disorder of the current array.
T he connectionist m odels we describe rely on direct environm ental inform ation
about sorting. Such inform ation could arise when the child watches an adult or
older sibling sort objects. N ote that the child does not have to witness a com plete
set of moves to learn to seriate. T he child only needs to be exposed to sm all
random sets of independent moves. T hese could be accum ulated over a num ber
of diþerent observations. We focused on learning through im itation rather than
reinforcem ent learning for a variety of reasons. First, it is diý cult to assess
what m ight constitute reinforcem ent for the child’s behaviour and when such
reinforcem ent m ay occur. In contrast, im itation is a m ore passive form of learning
in the sense that the child does not need to act but only observes som eone else
act, perhaps predicting what the other person will do. Also, imitative learning does
not require reinforcem ent of the child’s behaviour by som e other agent. Im itation
does, however, include a m ore com plete and inform ative response target than does
reinforcem ent. Reinforcem ent is essentially a binar y signal that a response was
correct or incorrect. In contrast, learning by im itation supplies full inform ation on
the nature of a correct response. M oreover, im itation is one of the principal m eans
by which children are known to learn (cf. Bandura, 1986; Rogoþ, 1990).
Em pirical studies in progress with 4- to 7-year-o ld children seem to con®rm the
m odel’s predictions about disorder and m odularity (M areschal, 1992; Mareschal &
Shultz, subm itted). Just like the networks, children are m ore likely to identify an
inapprop riate m ove w hen presented with a nearly sorted array than when presented
with a highly disordered array. M oreover, as with our networks, children’s ability
to identify which stick should be m oved in a partially ordered array em erges later
than their ability to identify where a stick should be moved to extend the sort.
In sum m ary then, we propose a parallel processing approach to seriation that
breaks radically with previous work. This fram ework is im plem ented using the
cascade-correlation generative connectionist algorithm . T he m odel captures know n
empirical phenom ena much better than previous m odels do. Moreover, it provides
a parsim onious account of a wide range of seriation strategies by positing a single
underlying inform ation processing mechanism . Although this is clearly a ®rst
attempt to m odel seriation using connectionist m ethods, it is im pressive in the
number of phenom ena that can be captured by appealing to a sim ple learning
m echanism .
T he success of our seriation m odel provides additional support for cascadecorrelation as a dom ain general m odel of processing and transition in cognitive
developm ent. The cascade-correlation algorithm has now been used to model
successfu lly a wide range of cognitive developm ental phenom ena. In some cases,
such as the balance scale, conservation, integration of velocity, time and distance
inform ation, and acquisition of personal pronouns, recruitment of new hidden
units has been necessar y for accurate m odelling of stage prog ressions. Although
som e hidden units were recruited during seriation acquisition, no novel functional
role could be attributed to the hidden units, outside their ability to reduce residual
error at a faster rate. T he corresponding increase in the network’s computational

Seriation: A C onnectionist Approach

179

Downloaded By: [Birkbeck College] At: 15:34 8 June 2007

power did not produce a qualitative shift in diagnosable behaviour. Hence, we
suggest that seriation could also be m odelled with static networks. Although the
generative properties of cascade-correlation do not app ear to be necessar y for
realistic seriation developm ent, this was not clear beforehand. M odelling with
cascade-correlation provides a vehicle for testing the necessity of increases in
com putational power.
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Notes
1. Earlier work included ®ve no-change patterns in the training set (i.e. ones in which the presented
series was complete). Indeed, the results reported in Shultz et al. (1995) refer to that set of
simulations. However, it was found in the sim ulations reported here that the ®ve no-change patterns
made no appreciable diþerence to network behaviour. We report sim ulations without the no-change
patterns because we feel that their exclusion reduces the number of ad hoc constraints on the
training set.
2. In a sample w ith an even number of measurem ents the median value falls between two m easurements.
W hen those values diþer, the m edian is taken as the mid-point between the two values (Ferguson &
Takane, 1989). In this case, the sample size is 20 and the m edian falls between the values one and two.
3. A preliminary version of this sim ulation was presented in Mareschal and Shultz (1993).
4. Only the 1324 order is inconsistent with correct ordering , and that occurs in only a few networks in
one condition. All other orders that occurred in any condition were consistent with the predicted
order; that is, all stages that occurred did so in the proper order. Stage skipping does not imply that
stages are incorrectly ordered (Flavell, 1971; Shultz, 1991).
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Appendix
T his appendix show s the stage developm ent of all 20 networks in the internal
subset condition. All networks were trained on 100 random ly selected six-element
arrays and 20 random ly selected three-elem ent arrays. The introduction of threeelement arrays into the training set induces periods of consistent stage 3
perform ance.
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